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The crystallographic structures of decagonal quasicrystals and their periodic approximants are traditionally
described as a periodic stacking of atomic planes. By performing a 27Al NMR spectroscopic study of the
Al13M4 �M =transition metal� family of four-layer decagonal approximants, including the orthorhombic
o-Al13Co4, the monoclinic Al13Fe4, its ternary derivative Al13�Fe,Ni�4, and the monoclinic Al13Ru4, we show
that all these phases contain structural detail of a nearly linear M-Al-M atomic group trapped inside an
elongated cage, resembling the three-dimensional �3D� “cage-compound” structure of the intermetallic clath-
rates. We determined the electric-field-gradient- �EFG� and the magnetic-shielding tensors at the Al site of the
M-Al-M groups. The asymmetry parameter of the EFG tensor was estimated theoretically by a point-charge
model, taking into account the charges of both the M-Al-M atoms and the surrounding cage atoms. The
calculations support ionic bonding of the M-Al-M group to the cage atoms and the existence of a 3D chemical
bonding network in the Al13M4 phases. The above results show that the traditional description of the Al13M4

decagonal approximant phases in terms of two-dimensional �2D� atomic layers stacked along the pseudotenfold
crystallographic direction is a convenient geometrical approach to describe their complex structures but is not
appropriate for the description of their physical properties, which should be analyzed by taking into account the
full 3D nature of the chemical bonding framework. This favors the 3D cage-compound structural description of
the Al13M4 phases over the pseudo-2D stacked-layer description.
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I. INTRODUCTION

The crystallographic structures of decagonal quasicrystals
�d-QCs� and their periodic approximants are traditionally de-
scribed as a periodic stacking of atomic planes with either
quasiperiodic in-plane atomic order in the case of d-QCs or
translationally periodic order in the case of the
approximants.1 Consequently, d-QCs are considered to be
two-dimensional �2D� quasicrystals, whereas they are peri-
odic crystals in the third dimension. Examples of the
stacked-layer d-QC structures are d-Al-Ni-Co and
d-Al-Cu-Co with two atomic layers within the periodicity
length of about 0.4 nm along the stacking �tenfold� direction,
d-Al-Co, d-Al-Ni, and d-Al-Si-Cu-Co with four layers
within the periodicity length of about 0.8 nm, d-Al-Mn,
d-Al-Cr, and d-Al-Mn-Pd with six layers within the period-
icity length of about 1.2 nm and d-Al-Pd and d-Al-Cu-Fe
with eight layers within the periodicity length of 1.6 nm.
Decagonal approximant phases are characterized by large
unit cells but preserve the stacked-layer structure with the
periodicity lengths along the stacking direction almost iden-
tical to those of the d-QCs. The monoclinic
Al13−x�Co1−yNiy�4 decagonal approximant,2 known as the Y
phase of Al-Ni-Co, comprises two atomic layers within one
periodic unit. The Al13M4 �M =transition metal� family with
M =Co, Fe, Ru, Rh, Os represents four-layer approxi-
mant phases,3–7 whereas the orthorhombic Al4M phases, de-
scribed by Deng et al.,8 and the orthorhombic
Taylor-phase9,10 T-Al3Mn represent six-layer approximant

structures. However, recent analysis of the chemical bonding
in the orthorhombic o-Al13Co4 four-layer approximant by
means of the electron localizability indicator �ELI� �Refs. 11
and 12� has led to a highly unexpected result that has put the
traditional view of the Al13M4 crystallographic structures in
terms of the atomic layers under question. Numerous di-
rected �covalent� Co-Al and Al-Al bonds were found within
the atomic layers as well as in-between the layers, revealing
the formation of a three-dimensional �3D� bonding frame-
work, contrary to the traditional consideration in terms of 2D
atomic layers. This has suggested that the stacked-layer de-
scription is a convenient geometrical approach to describe
the complex structure of the o-Al13Co4 phase, whereas its
physical properties are those of a true 3D solid. In addition,
elongated cavities along the stacking direction were identi-
fied in the 3D framework with the nearly linear Co-Al-Co
“guest” atomic groups trapped inside. The ELI analysis has
shown that the interactions within the Co-Al-Co group atoms
�directed, covalent� differ from those between this group and
the atoms of the framework �nondirected, ionic�. While the
covalent bonding between the Co-Al-Co atoms is strong,
bonding of the Co-Al-Co group to the rest of the lattice is
weaker. This unusual feature reveals analogy to the interme-
tallic clathrates, which also exhibit covalently bonded 3D
networks with filler atoms in the cavities, interacting ioni-
cally with the host framework. The 27Al NMR spectroscopic
study13 of the o-Al13Co4 confirmed the results of the bonding
analysis and supported the unique bonding situation of Al in
the nearly linear Co-Al-Co groups.
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In this paper, we report the 27Al NMR study of the
Al13M4 family of four-layer decagonal approximants, includ-
ing the orthorhombic o-Al13Co4, the monoclinic Al13Fe4, its
ternary derivative Al13�Fe,Ni�4, and the monoclinic Al13Ru4.
By determining the electric-field-gradient- �EFG� and the
magnetic-shielding tensors at the Al site of the M-Al-M
groups, we show that the structural detail of nearly linear
M-Al-M atomic groups �called the “Würstchen”� trapped in-
side the elongated cages of the 3D network is present in all
the above compounds. Consequently, the 3D bonding frame-
work and the “cage-compound” structural description appear
to be a common feature of the Al13M4 family.

II. SAMPLE SELECTION AND STRUCTURAL
CONSIDERATIONS

A. o-Al13Co4

According to the original structural model of the
o-Al13Co4 phase by Grin et al.,3 the lattice parameters of the
orthorhombic unit cell �space group Pmn21, Pearson symbol
oP102� are a=0.8158 nm, b=1.2342 nm, and c
=1.4452 nm with 102 atoms in the unit cell distributed over
10 Co and 28 Al crystallographic sites. Within the traditional
stacked-layer description, the structure corresponds to a four-
layer stacking along �100�, with flat layers at x=0 and x
=1 /2 and two symmetrically equivalent puckered layers at
x=1 /4 and 3/4, giving �0.8 nm period along �100�. All lat-
tice sites of the original model are fully occupied. Based on
a recent more precise crystal structure determination, Grin et
al.12 have proposed a new model of the o-Al13Co4, where
some sites of the original model are split, yielding partial
occupation of the sites Al�14� and Al�25�-Al�32� �nine alto-
gether� in the new model with the probabilities 0.715, 0.576,
0.516, 0.6, 0.351, 0.554, 0.192, 0.305, and 0.399, respec-
tively.

The o-Al13Co4 single crystal used in our study was grown
by the Czochralski technique and the growth details are de-
scribed elsewhere.14 Three bar-shaped specimens of dimen-
sions 2�2�7 mm3 were cut from the parent crystal with
their long edges along �100� �a�, �010� �b�, and �001� �c�
crystallographic directions, where a is the pseudo tenfold
direction of the o-Al13Co4 structure. Anisotropic physical
properties of the o-Al13Co4 phase �the magnetic susceptibil-
ity, the electrical resistivity, the thermoelectric power, the
Hall coefficient and the thermal conductivity�, measured on
the same set of samples, were reported recently.15

B. Al13Fe4 and Al13(Fe,Ni)4

According to the original structural model of Al13Fe4 by
Grin et al.,4 lattice parameters of the monoclinic unit cell
�space group C2 /m, Pearson symbol mC102� are a
=1.5492 nm, b=0.8078 nm, c=1.2471 nm, and �
=107.69° with 102 atoms in the unit cell distributed over five
Fe and 15 Al crystallographic sites. All lattice sites are fully
occupied except the site Al�2� that shows partial occupation
of 0.92�0.02. The structure can be described as a four-layer
stacking along �010� with flat layers at y=0 and y=1 /2 and
two symmetrically equivalent puckered layers at y=1 /4 and

3/4, giving �0.8 nm period along �010�. Based on a recent
high-resolution x-ray diffraction study, the structural model
of Al13Fe4 has been refined.17 The atomic coordinates of the
refined model are within three estimated standard deviation
�e.s.d.� equal to the atomic coordinates of the original model,
whereas the occupancy of the position Al�15� �that corre-
sponds to the partially occupied position Al�2� of the original
model� was found to be 1 within one e.s.d., so that all lattice
sites of the refined model are fully occupied. Thus, in com-
parison with many other members of the Al13M4 family, the
Al13Fe4 reveals a nearly completely ordered crystal structure.

The Al13�Fe,Ni�4 phase is a ternary solid solution of Ni in
Al13Fe4 with the maximum solubility of Ni 8.9 at. %.16 The
chemical composition of the Al13�Fe,Ni�4 single crystal used
in our investigations was Al76.5Fe21.3Ni2.2. The introduction
of a small amount of Ni atoms into the structure of the ter-
nary extension Al13�Fe,Ni�4 �about 2 at. % in our case� cre-
ates positional and substitutional disorder within the more or
less perfect Al13Fe4 structure so that the Al13�Fe,Ni�4 can be
viewed as a disordered variant of the structurally well or-
dered Al13Fe4.

The Al13Fe4 and Al13�Fe,Ni�4 single crystals used in our
study were grown by the Czochralski technique and the de-
tails of preparation are described elsewhere.14 Three bar-
shaped samples of dimensions 1�1�8 mm3 were prepared
for each compound with their long edges along three or-
thogonal directions. The long edge of the first sample was
along the �010� stacking direction �designated in the follow-
ing as b�, which corresponds to the periodic tenfold direction
in the related d-QCs. The �a ,c� monoclinic plane corre-
sponds to the quasiperiodic plane in the d-QCs and the sec-
ond sample was cut with its long edge along the �001� �c�
direction, whereas the third one was cut along the direction
perpendicular to the �b ,c� plane. This direction is designated
as a� �it lies in the monoclinic plane at an angle 17.69° with
respect to a and perpendicular to c�. The anisotropic physical
properties of the Al13Fe4 and Al13�Fe,Ni�4 samples used in
our study �the magnetic susceptibility, the electrical resistiv-
ity, the thermoelectric power, the Hall coefficient, and the
thermal conductivity� were determined recently.17

C. Al13Ru4

The Al13Ru4 monoclinic phase is isostructural to Al13Fe4.
Our Al13Ru4 oriented single crystal was grown by the Czo-
chralski technique following similar steps as in the case of
the Al13Fe4. In the NMR experiments, the oriented crystal
was rotated around the a�, b, and c crystallographic direc-
tions. Magnetic characterization of the sample �not shown�
has revealed that the Al13Ru4 is diamagnetic, in contrast to
the o-Al13Co4, Al13Fe4, and Al13�Fe,Ni�4, which are weak
paramagnets.

III. NMR DETERMINATION OF THE EFG AND
THE MAGNETIC SHIELDING TENSORS

The EFG- and the magnetic-shielding tensors were deter-
mined from the rotation patterns of the 27Al �spin I=5 /2�
central transition �1 /2→−1 /2� NMR spectra. The 27Al nu-
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clei interact with the surrounding ions and electrons by the
electrical and magnetic interactions and the number of ab-
sorption lines in a given m→m−1 spin transition equals the
number of magnetically inequivalent 27Al crystallographic
sites within the unit cell. The central-transition NMR fre-
quency �i of the ith 27Al crystallographic site in a magnetic
field H0 can be written as a sum18

�i − �0 = �quad,i
�2� + �mag,i, �1�

where �0=�nH0 /2� is the Zeeman frequency and �n is the
nuclear gyromagnetic ratio. The term �quad,i

�2� is the second-
order electric quadrupole shift

�quad,i
�2� =

�Q,i
2

12�0
�6 sin2 �i�1 – 9 cos2 �i�

− 4	i cos 2
i sin2 �i�9 cos2 �i + 1� + 	i
2

��− 16/3 + 8 cos2 �i + 6 cos2 2
i sin4 �i�� . �2�

The quadrupole coupling constant �Q,i=
3eQVZZ

�i�

20h is determined
by the largest principal value VZZ

�i� of the EFG tensor at the
lattice site i, which can be written as18

VZZ
�i� = VZZ,i

ion �1 − ��
�i�� + VZZ,i

el . �3�

The first term on the right of Eq. �3� originates from the
neighboring ionic charges, enhanced by the Sternheimer an-
tishielding factor 1−��

�i� due to the ionic electric field polar-
ization of the core electrons whereas the second term origi-
nates from the charges of the electrons. The angles �i and 
i
in Eq. �2� describe the orientation of the applied magnetic
field with respect to the principal-axes system �PAS� of the

EFG tensor, and 	i= �VXX
�i� −VYY

�i� � /VZZ
�i� is the quadrupole asym-

metry parameter, where �VXX
�i� �� �VYY

�i� �� �VZZ
�i� �.

The term �mag,i in Eq. �1� represents the frequency shift
due to the coupling of the nuclear spin I with the magnetic
field H0 via the magnetic-shielding tensor Sij, originating
from the electronic surrounding. Generally, the magnetic-
shielding tensor contains the chemical shift tensor ij due to
the electrons in the molecular orbitals and the Knight shift
tensor Kij due to the conduction electrons.19 The frequency
shift due to the magnetic-shielding tensor can be written as

�mag,i =
�n

2�
	Siso

�i� +
SZZ

�i�

2
�3 cos2 �i� − 1

+ �i sin2 �i� cos 2
i��
H0. �4�

Here Siso
�i� is the isotropic magnetic shift �the sum of the iso-

tropic chemical shift iso= �1 /3�Tr�ij� and the isotropic
Knight shift Kiso due to the contact interaction between the
nucleus and the s-type conduction electrons� whereas the pa-

rameters SZZ
�i� and �i=

SXX
�i� −SYY

�i�

SZZ
�i� are the largest principal value

and the asymmetry parameter of the traceless anisotropic
magnetic-shielding tensor. The angles �i� and 
i� describe the
orientation of the magnetic field with respect to the PAS of
the magnetic-shielding tensor.

Our 27Al central-line NMR rotation patterns were per-
formed at the temperature T=80 K in the magnetic field of
9.39 T. The origin of the frequency scale was taken at the
resonance frequency of the AlCl3 aqueous solution, �AlCl3
=104.223 MHz.

FIG. 1. �Color online� Panel �i�: 27Al central-transition NMR spectra of the single-crystalline o-Al13Co4 for the magnetic field oriented
along the a, b, and c crystallographic directions. The line corresponding to the Al site of the Co-Al-Co group is shown by an arrow in the
b �H0 and c �H0 spectra. Panel �ii�: 27Al central-line NMR spectra of the single-crystalline Al13Fe4 and Al13�Fe,Ni�4 for the magnetic field
oriented along the a�, b, and c crystallographic directions. The lines corresponding to the Al site of the M-Al-M groups are shown by arrows
in the a� �H0 and c �H0 spectra. Panel �iii�: 27Al central-line NMR spectra of the single-crystalline Al13Ru4 for the magnetic field oriented
along the a�, b, and c crystallographic directions. The line corresponding to the Al site of the Ru-Al-Ru group is shown by an arrow in the
a� �H0 and c �H0 spectra.
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A. o-Al13Co4

Representative 27Al central-line spectra of the o-Al13Co4
for the orientations a �H0, b �H0, and c �H0 are displayed in
Fig. 1, panel �i�. Most of the 27Al lines from the 28 Al crys-
tallographic sites in the unit cell overlap and are located
roughly within the frequency interval �−�AlCl3

�
�−50,100 kHz�. There exists, however, one particular line
with a stronger shift that is marked by an arrow in the b �H0
and c �H0 spectra at the frequency �−�AlCl3

�160 kHz. The

experimental rotation patterns around the a, b, and c axes of
the orthorhombic unit cell are shown in Fig. 2 �left column�.
It is observed that the above-mentioned line exhibits a par-
ticularly strong orientation dependence for the rotations
about the b and c axes, whereas for the a rotation, its posi-
tion at �−�AlCl3

�160 kHz is almost orientation indepen-
dent. The strong frequency shift of this line indicates that the
EFG and/or the magnetic shielding at the corresponding 27Al
site are considerably larger than at other 27Al sites of the unit
cell. Considering the EFG, its tensor elements depend on the
distance r between the 27Al resonant nucleus and the neigh-
boring electric charges as 1 /r3 so that the charges around this
site should be closer to the 27Al nucleus than at any other Al
site. Moreover, the almost orientation-independent position
of this line for the a rotation reveals that both the EFG- and
the magnetic-shielding tensors are almost axially symmetric
around the a crystallographic axis. Since this particular 27Al
line is well resolved from the rest of the 27Al intensity in the
NMR rotation patterns, we are able to determine its EFG-
and magnetic-shielding tensors, whereas the overlapping in-
tensity of the rest of the Al sites prevents the determination
of their corresponding tensors.

The EFG- and the magnetic-shielding tensors were deter-
mined in the crystal-fixed �a ,b ,c� orthogonal reference
frame by using Eqs. �1�–�4�. The theoretical rotation patterns
are shown by solid curves over the experimental data in the
left column of Fig. 2. The resulting EFG tensor Vij and its
asymmetry parameter 	, the anisotropic magnetic-shielding
tensor Sij and its asymmetry parameter �, the isotropic mag-
netic shift Siso and the quadrupole coupling constant �Q are
given in Table I. The theoretical rotation patterns, decom-
posed into the EFG- and the magnetic-shielding contribu-
tions, are shown in Fig. 2 �right column� side by side to the
experimental ones. For both tensors, the largest �absolute�
principal value points along the a axis �Vaa and Saa� of the
orthorhombic unit cell, whereas the off-diagonal elements
Vab, Vac and Sab, Sac are zero, indicating that the tensors are
invariant to the a→−a transformation �i.e., the correspond-
ing 27Al site should be located either on the �100� mirror
plane or on a twofold axis along �100��. The asymmetry

FIG. 2. �Color online� Rotation patterns of the 27Al central-line
spectra of o-Al13Co4 around the a, b, and c axes of the orthorhom-
bic unit cell. The left column shows the experimental rotation pat-
terns. Solid curves �red online� are the theoretical rotation patterns
for the Al site of the Co-Al-Co groups, calculated from Eqs. �1�–�4�.
In the right column, the theoretical rotation patterns are decom-
posed into the EFG- �dashed curves� and the magnetic-shielding
�dotted curves� contributions and are shown side by side to the
experimental ones.

TABLE I. The EFG tensors �V� and their asymmetry parameters 	, the quadrupole coupling constants �Q, the anisotropic magnetic-
shielding tensors S and their asymmetry parameters �, and the isotropic magnetic shifts Siso of the investigated Al13M4 phases.

o-Al13Co4 Al13Fe4 Al13�Fe,Ni�4 Al13Ru4

V
�1021 V /m2� �

7.03 0 0

0 −3.77 0.06

0 0.06 −3.26 � �
3.03 0 0.08

0 −6.81 0

0.08 0 3.78 � �
3.07 0 0.31

0 −6.77 0

0.31 0 3.70 � �
3.65 0 −0.23

0 −8.16 0

−0.23 0 4.51 �
	 0.07 0.11 0.13 0.12

�Q �MHz� 3.74 3.62 3.60 4.34

S �ppm� �
−463 0 0

0 217 8

0 8 246 � �
246 0 46

0 −519 0

46 0 273 � �
226 0 19

0 −491 0

19 0 265 � �
285 0 −8

0 −575 0

−8 0 290 �
Siso �ppm� 609 −175 −140 278

� 0.07 0.18 0.11 0.03
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parameters of both tensors �obtained after the tensors’ diago-
nalization� are small, 	=0.07 and �=0.07 �with the uncer-
tainty �0.02�, demonstrating that the tensors are almost axi-
ally symmetric around the a axis. The above results are
compatible with the structural detail of nearly linear Co-
Al-Co atomic groups within a chemical environment of ap-
proximate axial symmetry along �100�. In that case, the clos-
est charges to the Al nucleus would originate from the
electronic density localized on the Al-Co covalent bonds of
the Co-Al-Co group.

B. Al13Fe4 and Al13(Fe,Ni)4

The 27Al central-line spectra of the monoclinic Al13Fe4
and Al13�Fe,Ni�4 at T=80 K for the orientations a� �H0,
b �H0, and c �H0 are displayed superimposed in Fig. 1, panel
�ii�. We observe that for all three orientations, the spectrum
of the Al13Fe4 is a multiplet of sharp lines, originating from
15 different Al crystallographic sites in the monoclinic unit
cell, whereas the spectrum of the Al13�Fe,Ni�4 is broad and
more or less featureless, extending over the entire frequency
range of the Al13Fe4 spectrum. This broadening can be ex-
plained by the positional and substitutional disorder in the
Al13�Fe,Ni�4 lattice, created by the introduction of about
2 at. % of Ni. Due to the random disorder, the local chemi-
cal environment of a given Al crystallographic site no more
repeats exactly over the subsequent unit cells, so that the
resonance frequency becomes smeared, the individual lines
in the spectrum become inhomogeneously broadened and the
structure of sharp lines of a perfect lattice is replaced by a

more or less featureless single broad line of a disordered
lattice. This is indeed observed in Fig. 1, panel �ii�, where the
broad spectrum of the Al13�Fe,Ni�4 replaces the sharp struc-
ture of the Al13Fe4 spectrum, confirming that the
Al13�Fe,Ni�4 can be viewed as a disordered version of the
structurally well ordered Al13Fe4.

The experimental rotation patterns around the a�, b, and c
orthogonal axes are shown in Fig. 3 �left column� for the
Al13Fe4 and in Fig. 4 �left column� for the Al13�Fe,Ni�4. The
line with a particularly strong orientation-dependent shift for
the a� and c rotations and an almost orientation-independent
shift for the b rotation, analogous to the one assigned to the
Co-Al-Co aluminum site of the o-Al13Co4, is observed also
for the Al13Fe4 and Al13�Fe,Ni�4. This line is marked by an
arrow in the a� �H0 and c �H0 spectra of Fig. 1, panel �ii� at
the frequency �−�AlCl3

�80 kHz.
The EFG- and the magnetic-shielding tensors were deter-

mined in the crystal-fixed �a� ,b ,c� orthogonal reference
frame. The theoretical rotation patterns are shown by solid
curves over the experimental data in the left column of Figs.
3 and 4. The Vij, 	, Sij, �, Siso, and �Q parameters of the
Al13Fe4 and Al13�Fe,Ni�4 are given in Table I. The theoreti-
cal rotation patterns, decomposed into the EFG- and the
magnetic-shielding contributions, are shown in the right col-
umn of Figs. 3 and 4 side by side to the experimental ones.
For both compounds, the largest �absolute� principal value of
the EFG and the magnetic-shielding tensor points along the b
axis �Vbb and Sbb� of the monoclinic unit cell whereas the
off-diagonal elements Va�b, Vbc and Sa�b, Sbc are zero, indi-
cating that the tensors are invariant to the b→−b transfor-

FIG. 3. �Color online� Rotation patterns of the 27Al central-line
spectra of Al13Fe4 around the a�, b, and c orthogonal axes. The left
column shows the experimental rotation patterns. Solid curves �red
online� are the theoretical rotation patterns for the Al site of the
Fe-Al-Fe group, calculated from Eqs. �1�–�4�. In the right column,
the theoretical rotation patterns are decomposed into the EFG-
�dashed curves� and the magnetic-shielding �dotted curves� contri-
butions and are shown side by side to the experimental ones.

FIG. 4. �Color online� Rotation patterns of the 27Al central-line
spectra of Al13�Fe,Ni�4 around the a�, b, and c orthogonal axes.
The left column shows the experimental rotation patterns. Solid
curves �red online� are the theoretical rotation patterns for the Al
site of the M-Al-M group, calculated from Eqs. �1�–�4�. In the right
column, the theoretical rotation patterns are decomposed into the
EFG- �dashed curves� and the magnetic-shielding �dotted curves�
contributions and are shown side by side to the experimental ones.
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mation �i.e., the corresponding 27Al site should be located
either on the �010� mirror plane or on a twofold axis along
�010��. The asymmetry parameters of the tensors are small
for both compounds, amounting 	=0.11 and �=0.18 for the
Al13Fe4 whereas 	=0.13 and �=0.11 for the Al13�Fe,Ni�4.
This again demonstrates that the tensors are almost axially
symmetric around the b axis, a result that is compatible with
the structural detail of nearly linear M-Al-M atomic groups
�with M =Fe,Ni� in an approximately axially symmetric
chemical environment along �010�.

C. Al13Ru4

The 27Al NMR spectrum of the monoclinic Al13Ru4 is
analogous to that of the Al13Fe4. The 27Al central-line spec-
tra of the Al13Ru4 at T=80 K for the orientations a� �H0,
b �H0, and c �H0 are displayed in Fig. 1, panel �iii�. The spec-
tra consist of a multiplet of sharp lines, showing that the
Al13Ru4 crystal is structurally well ordered. The experimen-
tal rotation patterns around the a�, b, and c orthogonal axes
are shown in Fig. 5 �left column�. The line with a particularly
strong orientation-dependent shift for the a� and c rotations
and an almost orientation-independent shift for the b rotation
is observed also for the Al13Ru4. This line is marked by an
arrow in the a� �H0 and c �H0 spectra of Fig. 1, panel �iii� at
the frequency �−�AlCl3

�150 kHz.
The EFG- and the magnetic-shielding tensors were deter-

mined in the crystal-fixed �a� ,b ,c� orthogonal reference
frame. The theoretical rotation patterns are shown by solid
curves over the experimental data in the left column of Fig.

5. The resulting Vij, 	, Sij, �, Siso, and �Q parameters are
given in Table I. The theoretical rotation patterns, decom-
posed into the EFG- and the magnetic-shielding contribu-
tions, are shown in the right column of Fig. 5 side by side to
the experimental ones. The largest �absolute� principal value
of the EFG and the magnetic-shielding tensor points along
the b axis �Vbb and Sbb� of the monoclinic unit cell, whereas
the off-diagonal elements Va�b, Vbc and Sa�b, Sbc are zero,
indicating that the corresponding 27Al site should be located
either on the �010� mirror plane or on a twofold axis along
�010�. The asymmetry parameter of the EFG tensor is small,
amounting 	=0.12, whereas the asymmetry parameter of the
magnetic-shielding tensor is almost zero, �=0.03, demon-
strating an approximate axial symmetry around the b axis.
The structural detail of a nearly linear Ru-Al-Ru atomic
group in a chemical environment of approximate axial sym-
metry along �010� thus applies to the Al13Ru4 as well.

IV. DISCUSSION

A. Structural analysis

The nearly linear M-Al-M atomic groups can be easily
identified within the existing structural models of the Al13M4
phases. In the following we perform the analysis for the
original3 and the new12 structural model of the orthorhombic
o-Al13Co4 and for the original4 and the refined17 model of the
monoclinic Al13Fe4. The Al13�Fe,Ni�4 is a disordered version
of the Al13Fe4 whereas the Al13Ru4 is isomorphic to the
Al13Fe4 so that the same analysis applies to these two com-
pounds as well. The two o-Al13Co4 models both contain two
slightly different Co-Al-Co groups, four altogether in the
unit cell. Within the original o-Al13Co4 model,3 these are the
Co�9�-Al�17�-Co�9� group with the Co-Al-Co angle �
=170.46° and the Co�10�-Al�28�-Co�10� group with the
angle �=168.30°. Within the new o-Al13Co4 model12 �where
the atoms are numbered differently�, these atomic groups are
slightly more straight �closer to linearity�. The angle of the
Co�9�-Al�23�-Co�9� group is �=175.14°, whereas that of the
Co�10�-Al�24�-Co�10� amounts 174.66°. The above struc-
tural parameters, including the Co-Al distances, are collected
in Table II. In the structural models of the Al13Fe4, there
exists only one type of an Fe-Al-Fe group, but again four in
the unit cell. Within the original Al13Fe4 model,4 this is the
Fe�5�-Al�2�-Fe�5� group with the Fe-Al-Fe angle �
=176.87°, whereas in the refined model,17 this is the Fe�5�-
Al�15�-Fe�5� group that is again slightly closer to linearity,
with the Fe-Al-Fe angle amounting 177.18°. The structural
parameters, including the Fe-Al distances, are also collected
in Table II. The Fe-Al-Fe groups within the unit cell of the
refined Al13Fe4 model are shown in Fig. 6�a�.

The nearly axially symmetric atomic coordination around
the M-Al-M groups can also be visualized from the existing
Al13M4 structural models. The first coordination shell forms
an elongated cage composed of Al atoms. In Fig. 6�a�, a cage
composed of 16 Al atoms around one of the Fe-Al-Fe groups
is shown for the refined Al13Fe4 model. In Figs. 6�b� and
6�c�, a cage around the Co�10�-Al�24�-Co�10� group is
shown using the new structural model of the o-Al13Co4
phase. The atomic sites of the cage are arranged into two

FIG. 5. �Color online� Rotation patterns of the 27Al central-line
spectra of Al13Ru4 around the a�, b, and c orthogonal axes. The left
column shows the experimental rotation patterns. Solid curves �red
online� are the theoretical rotation patterns for the Al site of the
Ru-Al-Ru group, calculated from Eqs. �1�–�4�. In the right column,
the theoretical rotation patterns are decomposed into the EFG-
�dashed curves� and the magnetic-shielding �dotted curves� contri-
butions and are shown side by side to the experimental ones.
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inner pentagonal rings and two outer triangles at both end
caps, giving fairly axially symmetric atomic arrangement
along the M-Al-M direction. However, the end triangles are
not equilateral but isosceles so that the exact axial symmetry
of the cage is broken and can be considered as a pseudoaxial
symmetry only. This is evident from Figs. 6�b� and 6�c�,
where a cage with its Co-Al-Co guest is shown from two
perspectives: the panel �b� shows the view along the �100�
direction, where the isosceles top triangle is clearly evident,
whereas the panel �c� shows the view from the perpendicular
direction. The important result of the above structural analy-
sis is the fact that the structures of the Al13M4 phases contain
the detail of a nearly linear M-Al-M atomic group embedded
in an elongated cage of approximate but not exact axial sym-
metry. For the cage of the new o-Al13Co4 model shown in
Figs. 6�b� and 6�c�, another departure from axial symmetry
follows from the fact that some atomic sites of the cage are
partially occupied because of a too close distance between
the sites. Such a situation appears in the end-cap isosceles
triangle of the cage shown in Fig. 6�b�, where the distance
between the atomic sites Al�29� and Al�31� amounts about
1.7 Å. This is too short for both sites to be populated simul-
taneously so that one of the atoms is absent in a real cage and
the departure from the axial symmetry of the cage is further
increased. In the refined Al13Fe4 model, all lattice sites are
fully occupied �the end-cap triangle is closer to equilateral�
so that this problem is not present.

We also note that the two crystallographically different
Co-Al-Co groups together with their surrounding cages
within the o-Al13Co4 orthorhombic unit cell are so similar to
each other that we could not distinguish them from the 27Al
NMR spectra. For that reason, the single EFG- and the
magnetic-shielding tensors determined for the o-Al13Co4
phase should be considered valid for both types of the Co-
Al-Co groups �or to represent an average over the two group
types�.

B. EFG tensor symmetry analysis

The structural detail of a linearlike M-Al-M atomic group
trapped inside an elongated cage of a pseudoaxial symmetry
can also be inferred from the symmetry analysis of the EFG-
and the magnetic-shielding tensors presented in Table I. A
theoretical simulation of the magnetic-shielding tensor re-

quires knowledge of the molecular orbitals of the M-Al-M
group �to derive the chemical shift tensor� and the wave
functions of the conduction electrons �for the Knight shift
tensor�, which are not known in our cases. The simulation of
the EFG tensor is more straightforward, by adopting the
point-charge approximation. In the following, we present a
point-charge simulation of the EFG tensor at the Al position
of the M-Al-M group by using the structural data of the
original and the new models of the o-Al13Co4 and the origi-
nal and the refined models of the Al13Fe4. We calculate the

FIG. 6. �Color online� �a� The four linearlike Fe-Al-Fe groups
within the monoclinic unit cell of the refined Al13Fe4 model �Ref.
17�. The groups extend along the �010� direction. The Al atoms are
shown by black circles and the Fe atoms by gray �red online�
circles. A cage composed of 16 Al atoms around one of the Fe-
Al-Fe groups is also shown. �b� The structural detail of a Co�10�-
Al�24�-Co�10� group trapped inside a cage composed of Al atoms
for the new structural model of the o-Al13Co4 phase �Ref. 12� �top
view along the �100� direction�. The Al atoms are shown by black
circles and the Co atoms by gray �green online� circles. The par-
tially occupied sites Al�29� and Al�31� at the end-cap isosceles tri-
angle are marked. In panel �c�, the same cage is shown from the
perpendicular direction.

TABLE II. Identification of the nearly linear M-Al-M atomic groups, the M-Al distances, the M-Al-M
angles � and the M and Al crystallographic sites from the analysis of the existing structural models of the
o-Al13Co4 and Al13Fe4 phases.

Model M-Al-M group
M-Al distance

�Å�
�

�deg� Al site M site

o-Al13Co4 �new �Ref. 12�� Co�9�-Al�23�-Co�9� 2.2451 175.14 2a ,m . . 4b ,1

Co�10�-Al�24�-Co�10� 2.2808 174.66 2a ,m . . 4b ,1

o-Al13Co4 �original �Ref. 3�� Co�9�-Al�17�-Co�9� 2.2455 170.46 2a ,m . . 4b ,1

Co�10�-Al�28�-Co�10� 2.3118 168.30 2a ,m . . 4b ,1

Al13Fe4 �refined �Ref. 17�� Fe�5�-Al�15�-Fe�5� 2.3735 177.18 4i ,m 8j ,1

Al13Fe4 �original �Ref. 4�� Fe�5�-Al�2�-Fe�5� 2.3742 176.87 4i ,m 8j ,1
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theoretical value of the EFG-tensor asymmetry parameter 	
by considering �i� only the charges on the M-Al-M group
and �ii� also the charges of the surrounding cage �for the new
o-Al13Co4 and the refined Al13Fe4 models only� and compare
the theoretical 	 values to the experimental ones given in
Table I.

The symmetry of the experimentally determined EFG ten-
sors, where two out of three off-diagonal elements are zero
�Vab=Vac=0 for the o-Al13Co4 and Va�b=Vbc=0 for the
Al13Fe4, Al13�Fe,Ni�4 and Al13Ru4�, supports the consider-
ation that these tensors belong to the Al site of the M-Al-M
groups. Within the original and the new models of the
o-Al13Co4, the site symmetry of the Al atoms in the Co-
Al-Co groups is m . ., so that these Al atoms are sitting on the
�100� mirror plane, causing the Vab and Vac elements to van-
ish by symmetry reasons. Within the two models of the
Al13Fe4 phase, the site symmetry of the Al atom in the Fe-
Al-Fe group is m, so that this Al atom is sitting on the �010�
mirror plane, causing the Va�b and Vbc elements again to
vanish by symmetry. The Al and the M site symmetries of
the M-Al-M atoms for all four structural models are col-
lected in Table II. The M sites do not exhibit any symmetry.

1. Point-charge calculation of the EFG for the M-Al-M
charges

In the first step, we perform a point-charge calculation of
the EFG tensor elements by considering the electric charges
on the M-Al-M group only. The EFG at the Al site is deter-
mined by the two M ionic charges and by the electronic
density on the M-Al covalent bonds. We simplify the prob-
lem by assuming that the charges on each side of the Al atom
of the M-Al-M group can be replaced by a point charge e at
a distance r from the Al atom. The coordinate system is
chosen such that the M-Al-M planar group lies in the �x ,z�
plane with the Al atom at the origin and the position vector
of a given charge forms an angle � with the z axis and an
angle � /2 with the x axis �Fig. 7�, where 2�+�=180°. The
EFG tensor elements Vij are calculated from the formula

Vij = �
k

ek�3xi
kxj

k − rk
2�ij�

rk
5 , �5�

where xi ,xj =x ,y ,z and k=1,2. We obtain

Vxx =
2e

r3 �3 sin2 � − 1� , �6a�

Vyy = −
2e

r3 , �6b�

Vzz =
2e

r3 �3 cos2 � − 1� �6c�

and Vxy =Vxz=Vyz=0. For small angles � �as it is the case for
all the Al13M4 phases�, the diagonal elements appear in the
order �Vxx�� �Vyy�� �Vzz� so that the asymmetry parameter
can readily be computed from 	w= �Vxx−Vyy� /Vzz
=3 sin2 � / �3 cos2 �−1� �where the subscript w denotes the
Würstchen�. The angles � and � are slightly different for

different structural models of the o-Al13Co4 and Al13Fe4
phases and are collected in Table III together with the corre-
sponding 	w values. We observe that for all four models,
these values are in the range 	w� �0.001,0.016�, which is a
factor about 10 smaller than the experimental values 	
� �0.07,0.11�. This shows that the charges on the M-Al-M
group alone are not enough to reproduce the EFG at the Al
site. Instead, the distribution of the charges around the cen-
tral Al atom is less axially symmetric, indicating that the
charges of the Al cage atoms around the M-Al-M group
should also be taken into account.

2. EFG calculation for the M-Al-M and the cage-atom charges

In the second step, we repeated the point-charge calcula-
tion of the EFG, this time by considering the charges of both
the M-Al-M group and the surrounding cage atoms. The cal-
culation was performed for the new o-Al13Co4 model, for
which the structural detail of the Al cage with its Co-Al-Co
guest is shown in Figs. 6�b� and 6�c�, and for the refined
Al13Fe4 model. For the computation of the asymmetry pa-
rameter 	, the charges at all considered lattice sites �the M
and the cage-atom positions� were taken equal. For the first
of the two different Co-Al-Co groups in the unit cell of the
new o-Al13Co4 model �the one with �=174.66°�, the theo-
retical asymmetry parameter amounts 	c+w=0.089 �with the
subscript c+w denoting “cage plus Würstchen”�, which is
fairly close to the experimental value 	=0.07. In contrast, by
considering the cage atoms only, the asymmetry parameter
amounts 	c=0.29 �with c denoting cage� that is much larger
than the experimental 	 value. This confirms that the distri-
bution of the cage-atom charges around the M-Al-M group is
relatively far from being axially symmetric and demonstrates
that both the M charges and the charges of the cage atoms
contribute significantly to the EFG at the Al site of the
M-Al-M group. This is in favor of the predominant ionic
bonding between the M-Al-M group atoms and the surround-

FIG. 7. Schematic representation of the M-Al-M group and the
coordinate system for the point-charge calculation of the EFG ten-
sor via Eqs. �5� and �6�.
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ing cage atoms. A very similar result is obtained also for the
second Co-Al-Co group of the o-Al13Co4 unit cell, the one
with �=175.14°. By taking into account both the M and the
cage atoms, the theoretical asymmetry parameter amounts
	c+w=0.062, which is very close to the experimental value
	=0.07. The asymmetry parameter of the cage atoms only is
again much larger, 	c=0.229. The above theoretical 	c+w and
	c values are also collected in Table III.

The situation for the Al13Fe4 is similar �Table III�. By
taking into account both the Fe-Al-Fe group atoms and the
cage atoms, the theoretical asymmetry parameter amounts
	c+w=0.056, which compares reasonably to the experimental
value 	=0.11. The asymmetry parameter due to the cage
atoms only is again larger, 	c=0.21.

Here it is worth emphasizing that the employed point-
charge model for the EFG calculation is a good approxima-
tion for the ionically bonded atoms of the cage, whereas it
should be taken with reserve for the covalently bonded atoms
within the M-Al-M groups, where an ab initio quantum
chemical calculation of the asymmetry parameter is neces-
sary to obtain a more reliable value of 	w �and consequently
	c+w�. Our point-charge calculation should thus be consid-
ered as qualitative only �this also follows from the fact that
all charges were taken equal in the calculation�.

It is also worth noting that the experimental magnetic-
shielding tensor asymmetry parameter � values at the posi-
tion of the Al atom in the M-Al-M group are reasonably
close to the corresponding experimental EFG asymmetry pa-
rameter 	 values for all the investigated Al13M4 compounds
�Table I�. Since the symmetry of any local tensorial quantity
is determined by the local site symmetry, the similar � and 	
values are not surprising.

V. CONCLUSIONS

The crystallographic structures of the d-QCs and their pe-
riodic approximants are traditionally described as a periodic
stacking of atomic planes. In order to see whether this
pseudo-2D description is justified also from the chemical
bonding scheme, or the compounds are true 3D solids, we
performed a 27Al NMR spectroscopic study of single crystals

of the Al13M4 family of four-layer decagonal approximants,
including the orthorhombic o-Al13Co4, the monoclinic
Al13Fe4, its ternary derivative Al13�Fe,Ni�4, and the mono-
clinic Al13Ru4. By determining the EFG- and the magnetic-
shielding tensors at the Al site of the M-Al-M groups, we
showed that all these phases contain the structural detail of a
nearly linear M-Al-M atomic group trapped inside an elon-
gated cage, resembling the 3D cage-compound structure of
the intermetallic clathrates. The asymmetry parameter of the
EFG tensor at the Al site of the M-Al-M groups was esti-
mated theoretically by a point-charge calculation, taking into
account the charges of both the M-Al-M group and the sur-
rounding cage atoms. The results support predominant ionic
bonding of the M-Al-M group to the surrounding cage atoms
and the existence of a 3D chemical bonding framework
within the Al13M4 structures, reported previously for the
o-Al13Co4 phase by the ELI analysis.11,12 In contrast, the
charges of the M-Al-M group or the cage atoms alone could
not reproduce the experimental value of the asymmetry pa-
rameter. From the structural and the physical-property points
of view, the Al13M4 decagonal approximants are true 3D
solids. Their traditional description in terms of 2D atomic
layers stacked along the pseudotenfold direction is a conve-
nient geometrical approach to describe their complex struc-
tures but is not appropriate for the description of their physi-
cal properties, which should be analyzed by taking into
account the full 3D nature of the chemical bonding frame-
work. The above conclusions are drawn on the basis of ex-
periments performed on the Al13M4 decagonal approximant
phases that are translationally periodic in all three crystallo-
graphic directions. Due to the structural similarity of the ap-
proximants to the d-QCs, the same conclusions can be ex-
trapolated to the d-QCs so that their physical properties
should also be considered as those of a true 3D solid.
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TABLE III. Comparison of the experimental and theoretical values of the EFG-tensor asymmetry param-
eter 	. � denotes the M-Al-M angle within a given structural model and � is defined in Fig. 7. The theoretical
asymmetry parameter 	w is calculated by considering the charges of the M-Al-M group only; 	c is the
asymmetry parameter for the cage-atom charges only, whereas 	c+w is obtained by taking into account both
the M-Al-M and the cage-atom charges.

Model
�

�deg�
�

�deg�

Experiment Theory

	 	c+w 	w 	c

o-Al13Co4 �new �Ref. 12�� 175.14 2.43 0.07 0.062 0.003 0.229

174.66 2.67 0.07 0.089 0.003 0.290

o-Al13Co4 �original �Ref. 3�� 170.46 4.77 0.07 0.011

168.30 5.85 0.07 0.016

Al13Fe4 �refined �Ref. 17�� 177.18 0.11 0.056 0.001 0.213

Al13Fe4 �original �Ref. 4�� 176.87 0.11 0.001
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